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We present a scheme for high-sensitivity and high-efficiency charge detection in the integer quantum-Hall
regime using two point contacts in series. The setup is an electronic analog of an optical Fabry-Perot interfer-
ometer. We show that for small transmission through the point contacts the sensitivity of the interferometer is
very high due to multiple reflections at the point contacts. The sensitivity can be further enhanced twice by
using electrons in spin-entangled state. We show that for point contacts having different reflection probabilities,
the detector can be tuned for the quantum-limited measurement.
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Measurement of the charge state of a mesoscopic system
has generated a lot of interest in recent years,1–3 mainly due
to the applications of charge qubits in solid-state realization
of quantum information processing.4 Mesoscopic devices
such as quantum point contact �QPC� �Ref. 5� and single-
electron transistor �SET� �Ref. 6� have been widely used as
the charge detectors. These detectors do not perform instan-
taneous measurement, but the measurement is performed as a
sequence of continuous weak measurements.7 The merits of
these detectors can be understood from the two points of
view: �1� efficiency and �2� sensitivity. The former is related
to the back-action noise produced by the detector and the
latter is related to the precision. The quantum-mechanical
complementarity establishes a tradeoff between acquisition
of information about the state of the system and the back-
action dephasing. A detector is called 100% efficient �quan-
tum limited� if the dephasing occurred in the measured sys-
tem is only due to the acquisition of information by the
detector. On the other hand, performing more sensitive mea-
surements have often led to reveal new physics.8 A high-
sensitivity charge detector working in the quantum limit can
have wider applications in quantum metrology.9 The im-
provements in measurements can be accomplished either
through new designs of measurement devices or by develop-
ing methods that rely on properties such as correlations and
entanglement.10–12

In this Brief Report, we present a model of a high-
sensitivity and high-efficiency charge detector in the integer
quantum-Hall regime. Our model is an electronic analog of
Fabry-Perot interferometer.13 For fractional quantum-Hall
states, a similar arrangement has been proposed for measur-
ing fractional charge and non-Abelian statistics.14 We show
that the charge sensitivity of our model is higher than a two-
path interferometer due to multiple reflections of electrons at
QPCs. We also report the possibility of tuning the detector
for quantum-limited measurement for Ra�Rb, where Ra�Rb�
is reflection probability of the first �second� quantum point
contact QPCa �QPCb� �cf. Fig. 1�. We note that two-path
interferometer, with edge channel �Mach-Zehnder interfer-
ometer�, has been realized.15 The conditions of quantum-
limited detection of charge using Mach-Zehnder interferom-
eter have also been discussed.16

In Fig. 1, we show a schematic setup, constructed using
electrical gates on a Hall bar, for measurement of a charge
qubit. Our detector consists of two QPCs, QPCa and QPCb,
arranged in series. The input electrons are injected from the

source terminals � and �. The outgoing electrons are col-
lected at the drain terminals � and �. In the quantum-Hall
regime, QPCs act as the beam splitters for the incoming elec-
trons. The point contact QPCa splits the incoming edge-state
current from source � into two parts with one reflected back
to the drain � and the other transmitted to the second point
contact QPCb. The edge-state current on reaching at QPCb is
further split into two parts, one transmitted to the drain � and
other part reached at QPCa, where it is again partially trans-
mitted to drain � and partially reflected back to QPCb and so
on. Thus our detector is analogous to optical Fabry-Perot
interferometry. A charge qubit is capacitively attached to the
lower arm of the interferometer between the two QPCs. The
qubit, having two charge states �0� and �1�, could be a double
quantum dot or a two-path interferometer. There is no elec-
tron transfer from the qubit to the interferometer. Due to
Coulomb interaction the charge on the qubit deflects edge
state in the lower arm without changing transmission through
QPCs, which modifies the phase of the edge-state current via
the Aharonov-Bohm effect.

The information of the measured state of the qubit is re-
flected in the electrons collected at drain reservoirs. We fol-
low scattering matrix analysis for input-output probability
amplitudes. The scattering matrix in terms of Fermi opera-
tors at mth terminal cm, m=� ,� ,� ,� is written as follows:
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FIG. 1. Schematic arrangement for measurement of a charge
qubit. Two spatially separated point contacts form the Fabry-Perot
interferometer. The qubit is capacitively attached in one arm of the
interferometer.
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where � is the Aharonov-Bohm phase acquired by the elec-
tron along one complete loop between QPCs and �i is the
phase produced by the qubit. The phase �i has two values
corresponding to different charge states of the qubit �i�, i
=0,1. Typical value of the phase difference 	�=�1−�0 gen-
erated by the Coulomb interaction is about 	�=0.03.3 Effec-
tively, charge state of the qubit modifies the amplitude as
well as the phase of the transmission through the detector.
All other phases in scattering are included in the transmis-
sion amplitudes tn�tn�� from the left �right� and the reflection
amplitudes rn�rn�� on the left �right� for QPCn, where n
=a ,b.

First, we consider that electrons are injected only from the
source terminal � and collected at the drain terminal �. The

transmission probability T̄i�=�t̄i�2� of the interferometer is
given by

T̄i�
i� =
TaTb

1 + RaRb − 2	RaRb cos 
i

, �4�

where 
i=�i+�+arg�ra�rb� and Tn= �tn�2=1−Rn. Dependence
of the transmission probability on the variation in phase 
i
makes it possible to detect the charge state of the qubit. The
transmission probability has sharp Lorentzian-type reso-
nances when 
i are multiples of 2�. The half width at half
maximum of the resonance is �w
�1−	RaRb� / �RaRb�1/4.
The resonances are narrower for larger values of Ra and Rb,
which provides larger change in current for small variations
in phase 
i. Because of quantum complementarity, the phase
sensitivity �precision� of the interferometer is determined by
the phase fluctuations due to intrinsic shot noise. In the linear

regime, the average source-drain current is �Ii�= �e2V /h�T̄i

and the shot noise is given by Si= �2e3V /h�T̄i�1− T̄i�, where
V is source-drain voltage. For time interval , the average
number of transmitted electrons is �Ni�= �Ii� /e and the un-
certainty in number of electron is ��	Ni�2�=Si / �2e2�. There-
fore, the rms phase fluctuation11 for the interferometer is
given by

	
i �
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���Ni�/�
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	T̄i�1 − T̄i�

��T̄i/�
i�
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From Eqs. �4� and �5� one can calculate the sensitivity of
Fabry-Perot interferometer. We compare the sensitivity of
Fabry-Perot interferometer with a two-path �Mach-Zehnder�
interferometer for which transmission probability is

cosine function of the form T̄i�
i�=RaRb+TaTb

+2	RaRbTaTb cos 
i.
15 Near the resonance, for Ra
Rb, the

ratio of 	
i for Fabry-Perot interferometer to Mach-Zehnder
interferometer is approximately Ta

3/2. Clearly, Fabry-Perot in-
terferometer can be used as a very high-precision charge de-
tector for small transmission probabilities Ta and Tb.

In real devices, this high precision would be limited by
the finite source-drain bias voltage because the phase 
i ac-
quires an additional energy-dependent fluctuating part.17

Considering drift velocity vd as constant along the edges, we
can write energy dependence of phase as 
i���=
i�EF�
+� /Ec , Ec=�vd /L, where L is the length of one complete
loop between the QPCs, EF is Fermi energy and � is small
energy difference for electrons from Fermi level. The aver-
aging of the energy-dependent fluctuations gives average
transmission probability and average shot noise,

respectively, as �T̄i�= �eV�−1−eV/2
eV/2 T̄i�
i����d� and �Si�

=2e3 /h−eV/2
eV/2 T̄i�
i�����1− T̄i�
i�����d�. At small bias

�eV /Ec��w�, we find that 	
i is changed by the factor
�1+ �eV /Ec�2��w

2 −
i
2� /2��w

2 +
i
2�2� �for −��
i�� and


i�0�. Assuming typical values of the device, vd
�105 m /s and L�0.7 �m, for V�50 �V, the possible
value of eV /Ec
0.5 �cf. Fig. 2�d��. Further, for eV /Ec
=2�w, the sensitivity of the detector is reduced up to 80%.
The value of �w can be made as large as 1 by changing R1
and R2. Thus with the parameters given above, biasing up to
�100 �V can be applied for high-sensitivity measurements.
The range of high-sensitivity measurements can be increased
for smaller devices since Ec is inversely proportional to L.

In order to understand the measurement process and the
back action of the detector, we consider evolution of the
combined system of detector and qubit. When an electron is
injected from source � and the initial state of qubit is a0�0�
+a1�1�, the state of the combined qubit-detector system
evolves as

��� = �a0�0� + a1�1��c�
† �F� → a0�0���0� + a1�1���1� , �6�

where �F� denotes Fermi sea of all the electrodes and ��i�
= �r̄ic�

† + t̄ic�
†��F� for i=0,1 are detector states. The final state

of the qubit is given by the reduced density matrix, �
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FIG. 2. �Color online� The renormalized measurement rate
�m /�0 �lower lines� and dephasing rate �d /�0 �upper lines� for
�0=eV /h and 	�=0.05, �a� for symmetric interferometer �Ra=Rb

=0.5�, �b� for Ra�Rb i �Ra=0.7, Rb=0.5�, and �c� for Ra�Rb

�Ra=0.5, Rb=0.7�. The interferometer operates in quantum limit
for 
0= �cos−1	Ra /Rb, shown as asterisks. �d� Same as �c� for
small finite bias �eV /Ec=0.5�. Note that �w
0.53 for Ra=0.5 and
Rb=0.7.
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=Trdet������, obtained after tracing over the detector states.
The dephasing of qubit can be expressed in terms of off-
diagonal element of density matrix � as ��01�t��
= ��01�0��exp�−�dt�, where �d, detector back-action-induced
dephasing rate, is given by �d=−h−1d� log�r̄0r̄1

�+ t̄0t̄1
��.2,16 In

the linear regime, for weak measurement ��r̄0r̄1
�+ t̄0t̄1

���1�,
the dephasing rate �d can be expanded in terms of the change
in the transmission probability, 	T= �t̄0�2− �t̄1�2 and the
change in the relative scattering phase 	�=arg�t̄1 / r̄1�
−arg�t̄0 / r̄0� as follows:

�d = �T + ��, �7a�

�T =
eV

8h

�	T�2

T�1 − T�
, �� =

eV

2h
T�1 − T��	��2, �7b�

where T= ��t̄1�2+ �t̄0�2� /2. Note that the validity of this relation
is limited by �d�eV /h because of the assumption of con-
tinuous weak measurement. The information of the qubit
state is reflected in the change in source-drain current. There-
fore only the information of the qubit in �T part of dephasing
is utilized by the detector. One can find that the measurement
rate of the detector �m is equal to �T. However, the informa-
tion lost in the part of dephasing �� goes undetected. For a
quantum-limited detector it is necessary that the unutilized
information in phases should be eliminated; i.e., 	�=0. In a
single QPC detector that obeys mirror-reflection symmetry
and time-reflection symmetry the relative phase between
transmission and reflection amplitude remains constant and
change in relative phase vanishes �	�=0�.7,18,19

From Eqs. �2� and �3� change in relative phases between
transmission and reflection amplitudes for Fabry-Perot inter-
ferometer is given by

	� = arg�ei	�
	Ra − 	Rbei
0

	Ra − 	Rbei�
0+	��� . �8�

For Ra=Rb, from Eq. �8�, we get 	�=	� /2+�, for 0�
0
�−	� /2 and 	�=	� /2, otherwise.

Therefore, in the case when both QPCs in Fabry-Perot
interferometer have same reflection probabilities �Ra=Rb�,
	� always remains nonzero. This implies that there is always
some information loss in the phases which goes undetected
and detector cannot perform quantum-limited measurement.
Note that this behavior is different from the detection with
resonant transmission at zero magnetic field,20 where the
quantum-limited detection is possible only for symmetric
double QPCs. In Fig. 2�a� we show measurement rate �m and
dephasing rate �d calculated from Eq. �7� for Ra=Rb. We find
that dephasing rate of the qubit is always higher than the
measurement rate. In this case some information is always
lost in scattering phases, which means quantum-limited mea-
surement is not possible. However, for higher values of Ra
and Rb, �T��� and the measurement is nearly quantum lim-
ited except at resonance. At resonance relative scattering
phase 	� faces an abrupt change by � which results in maxi-
mum loss of information.

From Eq. �8�, change in relative scattering phases for Ra
�Rb is given by

	� =
	�

2
+ tan−1� �Ra − Rb�sin�	�

2 �
�Ra + Rb�cos�	�

2 � − 2	RaRb cos�
0+	�

2 �� .

�9�

In this case, we find the condition for quantum-limited mea-
surement 	�=0 simplifies to Ra /Rb=cos2�
0
+	� /2� /cos2�	� /2�. For small value of 	�, cos2�
0
+	� /2� /cos2�	� /2� is always less than unity except at 
0
=0 where measurement is not possible. This clearly shows
that in Fabry-Perot interferometer quantum-limited measure-
ment can only be possible if Ra�Rb and the value of 
0 for
quantum-limited measurement is given by 
0

 �cos−1	Ra /Rb. In Figs. 2�b�–2�d�, we show dephasing
rate and measurement rate of qubit for Fabry-Perot interfer-
ometer having QPCs with different reflection probabilities
�Ra�Rb�. For Ra�Rb, shown in Fig. 2�b�, dephasing rate is
always larger than the measurement rate. This shows that the
detector has poor efficiency for such construction. On the
other hand, in Fig. 2�c� for Ra�Rb, there exist two points
where the measurement rate is equal to the dephasing rate at

0� �cos−1	Ra /Rb. These points are symmetrically placed
on both sides of resonance. For finite bias we average over
the energy of the injected electrons. We find that at small bias
eV /Ec=0.5��w �see Fig. 2�d��, our results are not modified
much. The measurement rate is reduced very much at large
biasing, eV /Ec��w and the quantum-limited operation of
the detector is not possible. Similarly, we also found that �not
shown here� thermal broadening at high temperature
�kT /Ec��w� reduces the sensitivity and the efficiency.

If we also include effect of environment on the qubit, the
coupling to the environment relaxes the state of the qubit to
its lower energy state. The condition when environment can
produce dephasing and the measurement of relaxation rate
has been discussed in detail in Ref. 21. Coupling of the qubit
with environment can reduce the efficiency of the detector
only when environment also produces dephasing.

Our findings are unique because of the following facts.
For a single QPC as a quantum-limited charge detector, sat-
isfaction of time-reversal symmetry and mirror-reflection
symmetry is essential.7,18,19 Technically construction of such
QPC may not be trivial and the information loss is usually
large for generic QPC. Typically, the dephasing rate is re-
ported larger than the measurement rate by more than 1 order
of magnitude.3,22,23 Here we report that in Fabry-Perot inter-
ferometer quantum-limited measurement is possible if the
first QPC has smaller reflection than the second QPC. Fur-
ther, this Fabry-Perot construction provides much higher pre-
cision than a two-path �Mach-Zehnder� interferometer does,
due to multiple reflections of electrons.

Next, we briefly discuss possibility of further improve-
ment in sensitivity using quantum entanglement. For our pur-
pose we consider spin-entangled singlet pairs injected
through identically biased input terminals � and �. The state
of injected electrons can be expressed as ��in�= 1

	2
�c�↑c�↓

−c�↓c�↑��F�, where ↑ and ↓ represent up and down spin of an
electron. Methods for production and transport of spin-
entangled electrons in solid-state structures have been dis-
cussed in Ref. 24. For this input state electrons show bunch-
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ing behavior and the shot noise in the interferometer is
enhanced.25 Electron bunching, in turn, leads to improve-
ment in sensitivity. For each up or down-spin Fermi opera-
tors in this state scattering matrix is given by Eq. �1�. The
final state of the two electrons at drains � and � is given by
�for the qubit charge i�

�� f
i� = 	2�r̄it̄i�c�↑

† c�↓
† + t̄ir̄i�c�↑

† c�↓
† +

1

2
�t̄it̄i� + r̄ir̄i���c�↑

† c�↓
†

+ c�↑
† c�↓

† ���F� . �10�

From this state one finds that the dephasing rate of the qubit
as12

�d
s =

eV

h

�	T�2

T�1 − T�
+ 4

eV

h
T�1 − T��	��2. �11�

The dephasing rate �d
s is enhanced by a factor of 8 compared

to the case of injecting independent electrons at a single in-
put �Eq. �7��. Taking into account biasing two inputs with

spin degeneracy in Eq. �11�, the charge sensitivity �per elec-
tron� of the singlet state is enhanced by a factor of 2.26 The
average current at the output � or � is independent of the
phase change 	�. In order to detect the phase shift 	�, it is
necessary to measure shot noise or cross correlation at the
output leads.

In conclusion, we have discussed high-sensitivity
quantum-limited charge detection using electronic Fabry-
Perot interferometer with edge states. We note that in the
realization of electronic Mach-Zehnder interferometer sig-
nificance of electron-electron interactions at nonlinear bias27

and temperature dependence on dephasing17 have been re-
ported. Such studies in our scheme may also have experi-
mental relevance.

We acknowledge helpful comments from A. Kolkiran.
This work was supported by the Korea Research Foundation
under Grant No. 2009-0072595 and by the “Cooperative Re-
search Program” of the Korea Research Institute of Stan-
dards and Science.

1 S. A. Gurvitz, Phys. Rev. B 56, 15215 �1997�; A. N. Korotkov,
ibid. 60, 5737 �1999�; T. Gilad and S. A. Gurvitz, Phys. Rev.
Lett. 97, 116806 �2006�; A. A. Clerk, ibid. 96, 056801 �2006�;
S. D. Barrett and T. M. Stace, ibid. 96, 017405 �2006�.

2 E. Buks, R. Schuster, M. Heiblum, D. Mahalu, and V. Umansky,
Nature �London� 391, 871 �1998�; D. Sprinzak, E. Buks, M.
Heiblum, and H. Shtrikman, Phys. Rev. Lett. 84, 5820 �2000�.

3 Dong-In Chang, Gyong Luck Khym, Kicheon Kang, Yunchul
Chung, Hu-Jong Lee, Minky Seo, Moty Heiblum, Diana Ma-
halu, and Vladimir Umansky, Nat. Phys. 4, 205 �2008�.

4 D. Loss and D. P. DiVincenzo, Phys. Rev. A 57, 120 �1998�; D.
Vion, A. Aassime, A. Cottet, P. Joyez, H. Pothier, C. Urbina, D.
Esteve, and M. H. Devoret, Science 296, 886 �2002�; S. M.
Clark, Kai-Mei C. Fu, T. D. Ladd, and Y. Yamamoto, Phys. Rev.
Lett. 99, 040501 �2007�.

5 M. Field, C. G. Smith, M. Pepper, D. A. Ritchie, J. E. F. Frost,
G. A. C. Jones, and D. G. Hasko, Phys. Rev. Lett. 70, 1311
�1993�; D. Sprinzak, Y. Ji, M. Heiblum, D. Mahalu, and H.
Shtrikman, ibid. 88, 176805 �2002�; E. Onac, F. Balestro, L. H.
Willems van Beveren, U. Hartmann, Y. V. Nazarov, and L. P.
Kouwenhoven, ibid. 96, 176601 �2006�.

6 M. H. Devoret and R. J. Schoelkopf, Nature �London� 406, 1039
�2000�; Wei Lu, Zhongqing Ji, Loren Pfeiffer, K. W. West, and
A. J. Rimberg, ibid. 423, 422 �2003�.

7 A. N. Korotkov and D. V. Averin, Phys. Rev. B 64, 165310
�2001�.

8 Vittorio Giovannetti, Seth Lloyd, and Lorenzo Maccone, Science
306, 1330 �2004�.

9 Mark W. Keller, Ali L. Eichenberger, John M. Martinis, and Neil
M. Zimmerman, Science 285, 1706 �1999�.

10 A. N. Jordan and M. Büttiker, Phys. Rev. Lett. 95, 220401
�2005�.

11 B. Yurke, Phys. Rev. Lett. 56, 1515 �1986�.
12 Y. Lee, G. L. Khym, and K. Kang, J. Phys.: Condens. Matter 20,

395212 �2008�.
13 B. J. van Wees, L. P. Kouwenhoven, C. J. P. M. Harmans, J. G.

Williamson, C. E. Timmering, M. E. I. Broekaart, C. T. Foxon,

and J. J. Harris, Phys. Rev. Lett. 62, 2523 �1989�; F. E. Camino,
W. Zhou, and V. J. Goldman, Phys. Rev. B 76, 155305 �2007�;
E. V. Deviatov and A. Lorke, ibid. 77, 161302�R� �2008�.

14 C. de C. Chamon, D. E. Freed, S. A. Kivelson, S. L. Sondhi, and
X. G. Wen, Phys. Rev. B 55, 2331 �1997�; B. Rosenow, B. I.
Halperin, S. H. Simon, and A. Stern, Phys. Rev. Lett. 100,
226803 �2008�.

15 Yang Ji, Yunchul Chung, D. Sprinzak, M. Heiblum, D. Mahalu,
and Hadas Shtrikman, Nature �London� 422, 415 �2003�; I.
Neder, N. Ofek, Y. Chung, M. Heiblum, D. Mahalu, and V.
Umansky, ibid. 448, 333 �2007�.

16 D. V. Averin and E. V. Sukhorukov, Phys. Rev. Lett. 95, 126803
�2005�.

17 V. S.-W. Chung, P. Samuelsson, and M. Buttiker, Phys. Rev. B
72, 125320 �2005�.

18 S. Pilgram and M. Büttiker, Phys. Rev. Lett. 89, 200401 �2002�.
19 A. A. Clerk, S. M. Girvin, and A. D. Stone, Phys. Rev. B 67,

165324 �2003�.
20 G. L. Khym, Y. Lee, and K. Kang, J. Phys. Soc. Jpn. 75, 063707

�2006�; Y. Lee, G. L. Khym, and K. Kang, J. Korean Phys. Soc.
51, 2004 �2007�.

21 A. N. Korotkov, Phys. Rev. B 63, 085312 �2001�; S. A. Gurvitz,
L. Fedichkin, D. Mozyrsky, and G. P. Berman, Phys. Rev. Lett.
91, 066801 �2003�.

22 K. Kang, Phys. Rev. Lett. 95, 206808 �2005�; K. Kang and G. L.
Khym, New J. Phys. 9, 121 �2007�.

23 M. Avinun-Kalish, M. Heiblum, A. Silva, D. Mahalu, and V.
Umansky, Phys. Rev. Lett. 92, 156801 �2004�.

24 D. S. Saraga and D. Loss, Phys. Rev. Lett. 90, 166803 �2003�;
G. Burkard, J. Phys.: Condens. Matter 19, 233202 �2007�.

25 G. Burkard, D. Loss, and E. V. Sukhorukov, Phys. Rev. B 61,
R16303 �2000�.

26 This is valid at low bias where the wave-packet size is larger
than the distance between the two QPCs.

27 E. V. Sukhorukov and V. V. Cheianov, Phys. Rev. Lett. 99,
156801 �2007�.

BRIEF REPORTS PHYSICAL REVIEW B 79, 233302 �2009�

233302-4


